SWIAT GAL AND JAREK KȨ DRA A. We define a class of symplectic fibrations called symplectic configurations. They are a natural generalization of Hamiltonian fibrations in the sense that they admit a closed symplectic connection two-form. Their geometric and topological properties are investigated. We are mainly concentrated on integral symplectic manifolds.
from C n into C ∞ and Gr(n, ∞) is the Grassmannian of n-dimensional subspaces in C ∞ . This paper is devoted to proving a similar result about the group of symplectomorphisms Symp(M, ω) in place of U(n). Mostly, we deal with the case when ω has integral periods. Assume for the moment that H 2 (M, Z) is torsion free (the torsion issues are discussed in detail in Section 2).
The space Symp(M, CP ∞ ) of symplectic embeddings of M into CP ∞ is not contractible (it has non-trivial π 2 , see Corollary 3.7). Thus it is not the total space of the universal Symp(M, ω)-bundle. However, we find a deep connection with the result of Narasimhan and Ramanan mentioned above. That is, we construct a natural connection on the principal bundle
The connections on Symp(M, ω)-bundles are in one-to-one correspondence with vertically closed extensions of ω to the total space of the associated bundle with fiber M [MS98, Lemma 6.18]. Among them, the connections represented by closed two-forms are of special interest since they generalize the notion of a coupling form introduced by Guillemin, Lerman and Sternberg [GLS96] . A coupling form is a certain closed connection two-form satisfying a normalization condition. Furthermore, the fiber integrals of powers of the cohomology class of the coupling form give a sequence of symplectic characteristic classes [JK, KM05] .
The connection two-form Ω that we construct in the configuration (M, ω) → M B → B M is universal in the following sense. For any symplectic bundle M → E → B endowed with a closed connection two-form Ω E there exists a map f : B → B M such that (E, Ω E ) = f * (M B , Ω). We show that B M is a classifying space of an extension of Symp(M, ω) by the gauge group Map(M, U(1)). We determine the holonomy subgroup of this connection and prove that it is equal to the subgroup Ham sZ (M, ω) of Symp(M, ω) recently discovered by McDuff [McD06] . Her paper deals with , among other things, a characterization of symplectic bundles with closed connection form. It was important to the development of the present paper that Dusa McDuff shared with us her ideas on a generalization of Hamiltonian fibrations.
Organization of the paper. In Section 2 we give the necessary definitions and state the main results. We give the direct parts of the proofs and postpone the more technical ones to later sections.
In Section 3 we prove the universality of the configuration (M, ω) → M B → B and prove the homotopy properties of the space B. We also prove that B is the classifying space of an extension G of Symp(M, ω).
Section 4 is devoted to the geometry of symplectic configurations. More precisely, we define a principal connection on a fibration Symp(M, W) → B W and investigate its properties.
In Section 5 we investigate the group cohomology relations between groups D and G. We also compare these groups with the McDuff subgroup Ham sZ (M, ω). The section starts with some preparation on crossed homomorphisms and the necessary algebraic topology.
In Section 6 we investigate characteristic classes of integral symplectic configurations and relate them to other known characteristic classes. earlier drafts of this paper. In particular, she drew our attention to the torsion issues.
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P    
2.1. Symplectic configurations. Let (M, ω) be a closed symplectic manifold. A symplectic manifold is called integral if the symplectic form has integral periods. Definition 2.2. Let (M, ω) and (W, ω W ) be symplectic manifolds. We say that a symplectic fiber bundle (a fiber bundle with a structure group Symp(M, ω)) M → E → B is a W-symplectic configuration if there exists a map E → W whose restriction to any fiber of E is a symplectic embedding. The fibration E is called an (integral) symplectic configuration if it is a W-configuration for some (integral) (W, ω W ).
Here is an alternative approach. Consider the space Symp(M, W) of symplectic embeddings f : (M, ω) → (W, ω W ). The group of all symplectomorphisms of the source acts freely on that space and the quotient is denoted by B W . We call it the space of symplectic configurations of (M, ω) in (W, ω W ). We get a principal fibration Symp(M, ω) → Symp(M, W) → B W and the associated symplectic one
Proposition 2.3. A symplectic fibration (M, ω) → E → B is a W-symplectic configuration if and only if it is a pull-back of the bundle M W .
Proof. Let E → W be a map such that it is a symplectic embedding on every fiber. Clearly, it defines a map B → B W such that E is a pull-back of M W .
To prove the converse choose a point p ∈ M and consider the following composition of two maps:
The evaluation map is the required map for the fibration M W . Since E is a pull-back of M W , the proof is finished.
Closed connection two-forms.
Without loss of generality we will assume that the base of a fibration is a manifold, so we may speak of the differential forms on E.
Recall that if (M, ω) → E → B is a symplectic fibration then a closed twoform Ω ∈ Ω 2 (E) is called a closed symplectic connection two-form if it restricts to the symplectic form on any fiber (see Lemma 6.18 in [MS98] for a general definition). According to Thurston (Theorem 6.3 in [MS98] ), the existence of a closed connection two-form is a purely cohomological condition, i.e. the form Ω exists if and only if the class [ω] belongs to the image of the map H 2 (E; R) → H 2 (M; R).
Lemma 2.5. A symplectic bundle (M, ω) → E → B is a symplectic configuration if and only if it admits a closed connection two-form.
To prove the converse construct a map f :
for appropriate a i ∈ R, where ω n is the standard symplectic form on CP n . For each
The latter factors through a product of finite dimensional projective spaces, as required. For sufficiently large n i we can perturb f into an embedding preserving the twoform, according to the h-principle (see Section 3.4.2 in [Gro86] 
and the associated one 
Let us observe that any (finite) Abelian group T can be the torsion of H 2 (M; Z). First notice that the torsion of H 2 (M; Z) is isomorphic to the torsion of H 1 (M; Z) (see Corollary 5.5.4 in [Spa66] ). Take a finitely presented group G such that its abelianization has torsion equal to T (e.g. G = T). Due to Gompf [Gom95] , there exists a closed symplectic 4-manifold (M, ω) with fundamental group G. Hence the torsion of H 2 (M; Z) is isomorphic to T. Let (M, ω) be an integral symplectic manifold and let ω denote a pair (ω, τ) of the symplectic form and a lift of its class to H 2 (M, Z). Define
to be a finite index open-closed subgroup of Symp(M, ω) consisting of the symplectomorphisms which preserve the class τ. 
is the component of B ∞ corresponding to τ. In the sequel, we restrict ourselves to the investigation of B. We will also call it a universal configuration space. Again we have the universal fibration:
and the associated one
A symplectic fibration whose classifying map lifts to B τ will be called an integral symplectic configuration compatible with τ. Notice that a symplectic integral configuration might be compatible with several lifts.
, their connected components of the identity are equal. Therefore the map of classifying spaces induced by the inclusion is a covering. In particular, the higher homotopy groups of these classifying spaces are equal, as well as rational (co-) homologies. 
(2) The following sequences are exact.
where Γ ω is the flux group (see [MS98, p. 321] ).
2.
11. An extension of Symp(M, ω). We identify the universal symplectic configuration space B as the classifying space BG τ of a certain extension G τ of Symp(M, ω).
More precisely this extension is of the form
where Map(M, U(1)) is the (Abelian) gauge group of continuous maps from M to U(1) (see Section 3.11 for the precise definition). We shall usually omit the subscript τ if it does not lead to confusion. The proof of the next theorem is in Section 3.11.
Theorem 2.12. The classifying space of G τ is homotopy equivalent to the universal symplectic configuration space:
Moreover, the classifying map F : 
Note that D depends on the lift τ and is defined only up to conjugacy. In general we will omit the subscript τ except in necessary cases.
Theorem 2.14.
(
, that is, the intersection consists of symplectomorphisms with an integral flux. In particular, D is a closed subgroup of Symp(M, ω).
Since Ω W is a closed connection two-form, the holonomy about any contractible loop is Hamiltonian due to Theorem 6.21 in [MS98] . This proves that D 0 ⊂ Ham(M, ω). The converse inclusion follows from Corollary 4.6.
(3) This part will be proved in Proposition 4.10(2).
Finally we find a connection between the holonomy subgroup D and the extension G.
Theorem 2.15. Let Map 0 (M, U(1)) denote the identity component of Map(M, U(1)). There exists a commutative triangle of continuous homomorphisms
in which the diagonal arrow is a homotopy equivalence. In particular, the structure group of E lifts to G/ Map 0 (M, U(1)) if and only if the structure group of E reduces to D.
Proof. This follows straightforward from Theorem 5.17 and Corollary 5.14.
The next two theorems summarize all the main results of the paper. (1) E admits a closed integral connection two-form Ω compatible with τ, i.e. there exists T ∈ H 2 (E, Z) such that it lifts Ω and extends τ; (2) E is an integral symplectic configuration compatible with τ; (3) the structure group of E lifts to G τ .
Proof.
(1) ⇒ (2) is proved in Section 3.15, (2) ⇒ (1) follows from Lemma 2.5, (1) ⇒ (3) is proved in Section 3.16, (2) ⇔ (3) follows form Theorem 2.12.
Clearly, if E is an integral symplectic configuration with respect to the lift τ then its structure group reduces to the holonomy group D τ . In other words, if the structure group lifts to G τ then it lifts to G τ / Map 0 (M, U (1) The proof of the following theorem will be given in Section 5.18.
Theorem 2.18. Suppose that the structure group of a symplectic fibration M
Remark 2.19. We do not prove that E is a configuration compatible with τ. We show that d 2 (τ) = 0 and d 3 (τ) ∈ E 3,0 3 is torsion in the spectral sequence associated with M → E → B. Thus, a priori, τ might not extend. Notice that, although E
) might have nontrivial torsion. However, we do not know any example in which E is a configuration not compatible with τ. 
T    
∞ ) induces a (weak) homotopy equivalence. Due to a big codimension the first space is homotopy equivalent to the space of embeddings of M into CP ∞ .
induces an isomorphisms on homotopy groups.
Remark 3.3. The above theorem easily follows from the parametric version of hprinciple for symplectic embeddings. Unfortunately, it seems that there is no proof of it in the literature yet. That is why we prove the above theorem appealing only to the well known Gromov's h-principle for symplectic immersions and its parametric version (Theorem (A) and Exercise (2) in Section 3.4.2 of [Gro86] ).
Proof of Theorem 3.2. Injectivity: Suppose that f ∈ ker i * that is there exist a commutative diagram
where f is a symplectic embedding on each fiber {s} × M and F is a smooth embedding on fibers and equals f over the boundary. The argument consists of several steps. We first deform F to a fiberwise symplectic immersion F ′ so that it equals f over the boundary. This can be done according to the parametric h-principle for symplectic immersions (Theorem 16.4.3 in [EM02] ). We want to improve it so that it will be fiberwise symplectic embedding.
We will need an isotropic embedding j : M → (C n , ω n ). Take
where α : D k+1 → R is a sufficiently small scaling function such that it equals 0 exactly on the boundary sphere. Clearly, it is an embedding because j is. It is fiberwise symplectic because F ′ is fiberwise symplectic and j is isotropic. Surjectivity: We shall show that every fiberwise smooth embedding f :
) is homotopic to a fiberwise symplectic embedding. First take the composition F :
According to the standard h-principle there exist an arbitrarily C 0 -small deformation of F that is a symplectic embedding (with respect to the product symplectic form). The restriction of it to the image of the "zero section"
gives a symplectic embedding. The above homotopy might not preserve the base-point but this is not a problem due to the injectivity of i * on π 0 . Let
) denotes the induced isomorphism. In our situation, F is a based homotopy from F 0 to q * F 1 . Due to the injectivity of π 0 (i), there exists a path p :
The last equivalence follows from the fact that Map τ (M, CP ∞ ) is an H-space, so the action of the fundamental group on all homotopy groups is trivial. This finishes the proof.
Remark 3.4. Note that the result we mention at the beginning of the Section 1 implies injectivity on π 0 . Indeed, an integral two-form is a curvature form of some
thus, following Narasimhan and Ramanan [NR61] one can approximate f (by a map classifying the same bundle, thus homotopic) to the map preserving not only curvature ω but also the connection.
3.5. Proof of Theorem 2.10.
Proof. If follows from the basic algebraic topology (e.g. [Spa66] ). Let s ∈ S k and f ∈ Map(M, X) be a base point, the constant map m → x ∈ X. Moreover let M + denote M with an artificially added base point. Then we calculate
. It is easy to see a composition of this isomorphism with the projection
The value of the resulting cohomology class on (2
Proof. Since Map(M, CP ∞ ) is an H-space, all its connected components are homotopy equivalent. The first statement follows immediately from Theorem 3.2 and Lemma 3.6. The second is the direct application of the long exact sequence of homotopy group for the fibration Symp(
Example 3.8. Let Σ g be a surface of genus g > 0.
2 with the generic fiber Σ g such that the monodromy about some critical value is exactly f and (M, ω) is an integral symplectic manifold [ABKP00] . Embedding (M, ω) symplectically into CP N we also get a family of symplectic embeddings i t : area) ) is generated by Dehn twists, we obtain that the map
, ev * (ξ) , where ev : Symp(M, ω) → M is the evaluation at the base point pt ∈ M (cf. proof of Lemma 3.6). More precisely, consider the following commutative diagram.
given by the integration of the gen-
We claim that this number is equal to zero. 
Proof of Theorem 2.10.
(1) This part follows from Corollary 3.7 and Lemma 3.9.
(2) To prove that the first sequence is exact one applies Lemma 3.9 and 3.10 to the exact sequence associated with the fibration
Similarly, Corollary 3.7 and Lemma 3.10 applied to the long exact sequence of the the same fibration proves the exactness of the second sequence. 
be the space of maps from L τ to L τ W which are U(1)-equivariant and cover a symplectomorphism (M, ω) → (W, ω W ):
we get a group
Lemma 3.12. There is an extension
Proof. The kernel of the map that assigns toψ the underlying symplectomorphism ψ consists of the automorphisms which cover the identity. Over each point of M such automorphism is given by an element of U(1).
Proposition 3.13. Let ω n denote the standard symplectic form on CP n , and let
Then we have a bundle:
Consider the following two exact sequences of homotopy groups
where the vertical arrows are induced by inclusions. According to Theorem 3.2, the map
is an isomorphism. By the five lemma the same is true for
We are left to show that Map
, the following lemma finishes the proof.
Lemma 3.14. Let E be a free G-space. Then Map G (E, EG) is contractible.
Proof. It is a standard fact (about universal principal bundles) that Map G (E, EG) is connected (see Theorem 8.12 on page 58 in [tD87] ). We need to show that for all k the space Map(
is again a free G-space and we apply the observation we began with.
Proof of Theorem 2.12. Consider the following two fibrations
where the base B τ is defined to be this quotient. Observe that the composition p 2 • p 1 defines a fibration
with a contractible total space.
3.15. Proof of Theorem 2.16 (1 ⇒ 2). By assumption the connection form Ω has a lift T ∈ H 2 (E, Z) = [E, K(Z, 2)]. Since K(Z, 2) = CP ∞ , we get an embedding f : E → CP N such that T is the pull-back of the generator. According to the original Gromov's h-principle (Theorem 3.4.2 A in [Gro86]) we can deform f to an immersion preserving forms. That is an immersion f ′ : E → CP N so that f * (ω N ) = Ω. At the price of increasing N we can deform it further to get a embedding as we did in the proof of Theorem 3.2.
Proof of Theorem 2.16 (1 ⇒ 3). A class T defines a line bundle L T → E.
Notice that the pull-back bundle under the inclusion of the fiber i : Recall that, according to Theorem 2.12, BG ≃ B. The classifying map f : B → BG = B is the one constructed in the previous section.
T    

A principal connection on Symp(M, W).
The main reference for connections is Kobayashi-Nomizu [KN96a] . The tangent space to Symp(M, W) at point f is equal to
We define the horizontal space H f to be the space of the sections f * ω W -orthogonal to M:
Consider the following one-form θ on Symp(M, W) with values in closed oneforms on M which is identified with the Lie algebra of Symp
where Y is a vector field on M and X f is a vector field on W defined on f (M).
Lemma 4.2. The one-form θ is a connection form induced by H, that is, it satisfies
(1) θ f •ψ = Ad ψ θ = ψ * • θ, (2) θ f (X) = X, where X ∈ Ω 1 (M
) is a closed one-form and X denotes the fundamental vector field (i.e. the vector field generated by the infinitesimal action of a Lie algebra), (3) H is the kernel of θ.
Proof. (1) This is an immediate calculation:
(2) If X is a closed one-form on M then we denote by X ♯ the ω-corresponding vector field. That is ι X ♯ ω = X. Thus X f = X ♯ under the identification between M and f (M) ∈ W given by f . Hence we get
(3) Obvious.
Proposition 4.3. The connection associated to θ on M W and connection defined by the two-form
Ω W := ev * (ω W ) coincide.
Proof. Both distributions consist of vectors
4.4. The curvature of θ. Let's calculate the curvature two-form of the connection θ. By definition it is
where X h , Y h ∈ H are horizontal parts of tangent vectors. Calculating it further we get
Here α X , α Y are one-forms associated with extensions of X h , Y h ∈ Γ( f * TW) to vector field on some neighbourhood of f (M) ⊂ W and {α X , α Y } is the Poisson bracket. Since X h and Y h are horizontal, the one-forms α X , α Y vanish on M. Therefore their local extensions might be chosen to be exact and we get
where
In other words the curvature of the connection θ at the embedding f : (M, ω) → (W, ω W ) is measured by the subspace of functions on M consisting of restrictions of Poisson brackets of functions on W which are constant on f (M). We will use this curvature form to construct characteristic classes in Section 6.9. Proof. What in fact we need to show is that given a function H : 
of the connection in the universal configuration fibration contains the subspace of all exact one-forms for every f : (M, ω) → CP ∞ .
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The following exact sequence:
is derived from the Leray-Serre spectral sequence associated with E. An element of H 1 (B, H 1 (M, Z)) may be described as a (class of a) loop γ in B and a γ-invariant cycle [ℓ] ∈ H 1 (M, Z) γ in the fiber F over a base point of γ. Let Ω be a closed extension of ω. We construct a certain lift Σ γ,ℓ ∈ H 2 (E, Z) of (γ, ℓ) ∈ H 1 (B; H 1 (M, Z)) to K. It is a union of two chains f (S 1 × I) and C. The map f is such that f ({s} × I) is a horizontal lift of γ for each s and f (S 1 × {0}) = ℓ. The chain C is a chain in F such that ∂C = γ * ℓ − ℓ, where γ * is the holonomy of γ with respect to Ω.
Let ψ ∈ Symp(M, ω) and H 1 (M, Z) ψ = {ℓ ∈ H 1 (M, Z) : ψ * (ℓ) = ℓ} be the ψ-invariant part of the first cohomology. Define a flux-like homomorphism
as follows (here R/ω denotes the quotient of R by the group of periods of the symplectic form). If [ℓ] ∈ H 1 (M, Z) ψ then there exists a two-chain C such that Proof.
where ψ is the monodromy around the loop γ.
Recall that we define D to be the holonomy group of the universal connection θ. Notice that D is not well defined as a subgroup of Symp(M, ω) since it depends of the reference point f : (M, ω) → CP ∞ . However, according to standard theory of connections, different holonomy subgroups are conjugate. 
The form Ω = π * M ω on M × R descends to a closed connection form on E with a holonomy ψ. Since H 2 (S 1 , Z) = 0, we deduce from Proposition 4.8 that if ψ ∈ D then Ω has integral periods.
To prove the converse inclusion notice that it is enough to show that D ⊂ D, according to the conjugacy invariance. Since D is the universal holonomy group, for any ψ ∈ D there exists a bundle M → E → S 1 with a closed integral connection
form Ω such that ψ is a holonomy of that form. Thus ψ ∈ D again by Proposition 4.8.
Proposition 4.10.
Proof. First we will prove (1) with the additional assumption that H is countable. The we will use it to prove (2) and (3). Finally we will conclude general case of (1) with the use of (3).
(1) We shall construct a fibration over a noncompact surface (possibly of infinite genus) with closed connection form Ω and holonomy equal to H. Since H < D then, according to Proposition 4.8 Ω, K ⊂ Z. Because the base is a noncompact surface then the latter is equivalent to the integrality of Ω. To see this notice that K = H 2 (E, Z) as H 2 (B, Z) is trivial. By the universality of D we will conclude that, up to a conjugation, H < D.
It is a bundle over Σ ∞ the surface of infinite genus and admits a closed connection form. Indeed, every M ψ × S 1 admits a closed connection form as in the proof of Corollary 4.9. One can easily extend it over the fiber connected sum.
Every loop in the connected sum is a composition of loops in the summands, thus the holonomy of the bundle is contained in H. Since all the generators of H are contained in the holonomy, H equals the holonomy group of that bundle. 
To finish the proof we need to show that (1) holds in full generality. Let H ′ be a countable dense subgroup of H. Such a group exists because Symp(M, ω) is a group modelled on a separable and metrizable space of closed one-forms. Thus it is second countable. The subgroup H is second countable as well, according to the hereditary properties of the second countability, and hence it is separable. Take H ′ to be a countable subgroup of H generated by a countable dense subset. Then gH ′ g −1 ⊂ D by already proved part of (1) and gHg −1 ⊂ D by (3).
4.11. Other results. We conclude this section with several geometric results. The proofs are straightforward and are left to the reader.
Proposition 4.12.
(1) The action of Symp(W, ω W ) on Symp(M, W) given by the composition ϕ· f := ϕ• f preserves the connection θ.
(2) The induced action on the associated bundle
The general idea of this paper is to investigate spaces 
Where h = (ψ, ρ), and s : S → V × S is the inclusion onto the second factor. Thus BH is a homotopy pull-back in the following diagram
The homotopy fiber of the map Bs : BS → B(V ⋊ S) equals V, moreover the fibration
is the universal V-bundle over B(V ⋊ S). Note that V is an affine V ⋊ S-space. In particular the obstruction to the existence of a section BS → BH is a pull-back of the obstruction to the existence of a section of Bs : BS → B(V ⋊ S). 
In Section 5.5 we describe the Bockstein map β which, for given short exact sequence of S-modules 0 → Z → R → R/Z → 0, to every (cohomology class of a) crossed homomorphism S → R/Z associates an extension 0 → Z → G → S → 0. If Z is discrete, then such an extension is classified by an element σ G ∈ H 2 (BS, Z) (cf. [Seg70] ).
Proof. By the result of 5.5, D τ and G/ Map 0 (M, U(1)) are homotopy equivariant, thus the obstruction to the existence of a section D τ → Symp(M, ω) equals the the obstruction to the existence of a section
The second equality follows directly from the definition of β.
5.5. The homomorphism of Bockstein. Let S be a topological group, R be a topological S-module, and Z its submodule. Let φ : S → R/Z be a crossed homomorphism. Define G to be the subgroup of the semidirect product R ⋊ S consisting of the pairs (s, r) such that φ(s) = r+ Z. We call G a pull-back of the following diagram: Proof. Consider a pull-back: 
where ∂ R is the connecting homomorphism in the long exact sequence of the homotopy groups of the fibration Z → R → R/Z.
Proof. This is straightforward to check using standard diagram-chasing.
Corollary 5.9. If R is contractible then σ constructed above is a homotopy equivalence.
Proof. If R is contractible then ∂ R is an isomorphism. Hence, by the five lemma, π k (σ) is also an isomorphism and the statement follows.
5.10. The cocycles and group of McDuff. Let ω be a closed (possibly singular) two-form on a manifold W. Let SH 1 (W; Z) be space of integral 1-cycles quotient out by boundaries of chains of zero ω-area. There is a split extension
The existence of a section s :
Precisely such a section may be constructed inductively, as follows. Assume that the section is defined on a submodule V ⊂ H 1 (W, Z), v ∈ H 1 (W, Z) and n is the least integer such that nv ∈ V. Letṽ by any lift of v in SH 1 (W, Z). If n = ∞ we set s(v) =ṽ. In the other case we see that s(nv) − nṽ = [r] ∈ R/ω. If γ r/n is a contractible loop bounding a disk of area r/n we set s(v) =ṽ + γ r/n . Clearly, any group G that fixes ω acts on SH 1 (W, Z). In [McD06] McDuff defines a continuous crossed homomorphism F s : G → H 1 (M; R/ω) as follows
Lemma 5.11. F s satisfies
Then
by the Leibniz rule.
that is F s is indeed a crossed-homomorphism. We shall apply this construction in the following situation:
Lemma 5.12.
such that the following diagram commutes.
assigns to a bundle map its underlying symplectomorphism then the following diagram commutes: 
is a pull-back.
Proof. Most of the statements are trivial.
(2) First we have to defines on K = ker H 1 (L τ , Z) → H 1 (M, Z) in such a way that its image lives in ker SH 1 (L τ , Z) → SH 1 (M, Z). The generator of K is represented by a loop in a fiber, and the value ofs may also be taken to be a loop in the fiber. Then we extends to whole H 1 (L τ , Z) as explained above. It clearly descends to the map s :
This is obvious since Map 0 (M, U (1)) is connected and the fiber of the map
Remark 5.13 (about Lemma 5.12 (2)). McDuff [McD06] shows that for each s one can choose a lift τ of [ω] and a sections such that s is constructed as above.
McDuff proves that the restriction of The following lemma that is a reformulation of Proposition 1.8(ii) from [McD06] .
Lemma 5.16. The 1-cocycle F σ extends F and H = ker F σ .
Proof. It is straightforward that F σ extends F. To prove that F σ is a 1-cocycle choose f, g ∈ G. Since σ(G) ⊂ H, h = δ(σ • p)( f, g) = σ(p( f g))σ(p(g)) −1 σ(p( f )) −1 ∈ H. We calculate
Thus h ∈ G 0 and finally h ∈ ker F = G 0 ∩ H. Then
The proof that H = ker F σ is also immediate and is left to the reader. Next, according to Theorem 2.16 (2) ⇐⇒ (3), the existence of a lift f : B 2 → BG is equivalent to the fact that the class τ = i * ( τ), where i : M → E 2 is the inclusion of the fiber into the total space of the restriction of E → B over the two-skeleton B 2 . This in turn is equivalent to the vanishing of d 2 (τ) in the spectral sequence for E. 6.5. Calculating χ-classes. It is important to know if there are relations between characteristic classes. If (M, ω) → P → S 2k is a symplectic configuration with nontrivial χ k (P) then χ k is not a product in H * (B). Indeed, if it were a product then its pull-back χ k (P) ∈ H 2k (S 2k ) would vanish.
Theorem 6.6. Let (M, ω) → P → S 2k be a symplectic configuration, k > 1. The following conditions are equivalent.
(1) χ k (P) 0; (2) µ k (P) 0; (3) ev * [P] 0 in H 2n+2k (CP ∞ ; Z); (4) There exists a ∈ H 2 (P) such that a n+k 0 (i.e. P is c-symplectic), and a extends [ω] . Moreover, any of these conditions implies that k ≤ n + 1.
As in the previous examples we consider a symplectic fibration F → E → P and compose it with P → S 2k . Suppose that this composition is a symplectic fibration with fiber F → Q → M. Then the classes µ k (E) ∈ H 2k (BSymp 0 (Q)) are nonzero.
6.9. Chern-Weil approach. Recall from Section 4.4 that the universal configuration fibration admits a connection with curvature form Θ. It is an ad-invariant twoform on the total space Symp(M, CP ∞ ) of the universal principal fibration with values in the Lie algebra of Symp(M, ω) which is identified with closed one-forms on M. Since the reduced holonomy group is Hamiltonian (Theorem 2.14 (1)), the curvature form has values in the Lie algebra of Ham(M, ω) which is identified with C ∞ 0 (M), the space of functions on M with zero mean value.
Let P : C The definition does not depend on the choice of f in the fiber since the polynomial P is invariant. It is a standard fact that these forms are closed [KN96b] . We define universal characteristic classes to be cohomology classes of the form χ P . The following formula gives a sequence of invariant polynomials. Lemma 6.10. χ P k = const χ k for k > 1.
